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Based on a soil–water coupled ﬁnite deformation analysis, theoretical considerations and numerical calculations were carried out under the
undrained plane strain condition in order to reproduce a uniform deformation ﬁeld. Rather than the “quasi-static” equation of motion, which does
not include inertia forces, a dynamic equation of motion which includes inertia forces was used. At ﬁrst, a theoretical consideration was carried
out to realize uniform deformation for a saturated soil that satisﬁed the element-wise undrained/constant-volume condition. This presents an
“inﬁnitely slow loading” case without ignoring the inertia term based on the u–p formulation. In other words, it can be seen that under general
slow loading that is not inﬁnitely slow, a gradient in the pore water pressure will always be produced, resulting in the migration of pore water and
loss/collapse of uniformity. This ﬁrst conclusion is useful for verifying numerical analysis code made in the ﬁnite deformation regime. Next, the
uniform deformation of a plane strain rectangular soil specimen was measured under constant cell pressure and undrained boundary conditions
using a dynamic soil–water coupled analysis in which the SYS Cam-clay model was employed as the elasto-plastic constitutive model for the soil
skeleton. In addition, the effects of the loading rates as well as loading applications, with/without inertia forces, on the loss of uniformity in
deformation were shown to have a signiﬁcant inﬂuence on the inertia term even though the loss itself was extremely small.
& 2013 The Japanese Geotechnical Society. Production and hosting by Elsevier B.V. All rights reserved.
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Bifurcation and strain localization analyses of soil speci-
mens are generally performed based on uniform deformation
ﬁeld under plane strain conditions, and when these numerical3 The Japanese Geotechnical Society. Production and hosting by
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ail.com (B. Xu), asaoka@civil.nagoya-u.ac.jp (A. Asaoka).
der responsibility of The Japanese Geotechnical Society.analyses are carried out, a quasi-static analysis that ignores
the inertia term is often performed (for example, Hill and
Hutchinson, 1975; Yatomi et al., 1989a, 1989b; Wan et al.,
1990; Hashiguchi and Tsutsumi, 2003; Ikeda et al., 2003;
Kimoto et al., 2004; Lu et al., 2011). In Asaoka and Noda
(1995), the authors carried out compression tests on plane
strain specimens provided with an initial geometric imperfec-
tion under a constant cell pressure and undrained boundary
conditions using a quasi-static soil–water coupled analysis, in
which the original Cam-clay model was used as the soil
skeleton constitutive equation (Asaoka et al., 1994).
On the other hand, the authors expanded the quasi-static
soil–water coupled ﬁnite deformation analysis that had beenElsevier B.V. All rights reserved.
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term into consideration, without distinction between dynamic
and quasi-static analysis (Asaoka and Noda, 2007; Noda et al.,
2008). The main objective of this paper is to discuss the
theoretical and numerical analyses for realization of uniform
deformation based on ﬁnite deformation theory when problems
that are conventionally treated as the “quasi-static” assumption
are analyzed again as dynamic problems with the inertia term
taken into consideration by integrating the equation of motion.
In this study, ﬁrst, a uniform deformation ﬁeld in saturated
soil under undrained conditions was theoretically examined
using a soil–water coupled analysis that considered the inertia
term based on the u–p formulation. It was found that even
though the deformation was uniformly reproduced by applying
initial values, there was still a gradient in the distribution of
pore water pressure in the case where the loading rate was not
“inﬁnitely slow” (the meaning of this is explained below). At
the same time, applying the initial values was useful for
verifying the performance of the analysis code (Asaoka and
Noda, 2007; Noda et al., 2008).
In the next main subject matter of this paper, the following
two types of numerical analyses were carried out on plane strain
rectangular specimens with a constant cell pressure and
undrained boundaries. For this plane strain condition, the in-
plane minor principal stress T3 is kept constant and acts as the
cell pressure on the four in-plane surfaces, while in the in-plane
the major principal stress T1 increases. Accordingly, the
intermediate principal stress T2, which is directed out-of plane,
can be obtained by T2 ¼ ðT1þT3Þ=2 if initially isotropic stress
state (T1 ¼ T2 ¼ T3) is assumed, where T1, T2 and T3 are
explained in Eq. (4). Also for the constitutive model used in this
analysis, which is called the SYS Cam-clay model (Asaoka
et al., 2000, 2002), the effect of the intermediate principal stress
T2 is not taken into consideration. For ease of understanding the
problems, the soil was a saturated and fully remolded clay and
the gravity force was not considered in the analysis.1. It is demonstrated that when compression deformation was
applied at a vertical constant velocity under undrained condi-
tions and a constant cell pressure to a perfectly rectangular
specimen without material or geometrical imperfections, the
analysis code (Asaoka and Noda, 2007; Noda et al., 2008) is
capable of reproducing the uniformity of deformation. It should
be noted that since it is practically impossible to satisfy such
requirements for the laboratory sample preparation, this can be
regarded as an ideal assumption in these theoretical and
numerical calculations. In this case, in order to realize a uniform
deformation, the vertical velocity of the top end was exerted
proportionally to the height in the vertical direction from the
bottom end and distributed inside the specimen; the distributed
acceleration and pore water pressure were applied correspond-
ingly to satisfy a uniform deformation ﬁeld under undrained
conditions as initial values. Consequently, only when an inﬁnite
slow loading rate (which can be deﬁned as when the product of
the permeability coefﬁcient and the loading velocity is sufﬁ-
ciently small,” details of which are formulated in Section 2) was
satisﬁed, the uniform deformation within the rectangularspecimen, like that in the conventional quasi-static analysis, was
able to be reproduced. Moreover, the maintenance of uniformity
also veriﬁed that even when the loading rate varied greatly, the
coefﬁcient of permeability is virtually zero.2. Next, the initial condition in case 1, where the initial velocities,
accelerations and pore water pressures were designated to
reproduce the uniform deformation, was changed so that it
was closer to the practical conditions. For simplicity, the
calculation was carried out with initial zero values for velocity,
acceleration and pore water pressure. As a result, the effect of
the loading rate played a signiﬁcantly more important role in the
deformation patterns and in the deviator stress accompanying
compression wave, all of which could not be observed in a
quasi-static analysis.
2. Investigation into uniform deformation of saturated soil
in a soil–water coupled ﬁeld regarding inertia term
In this section, the general case in which a specimen is
inﬂuenced by the inertia term is considered for an undrained
compression test on a plane strain condition to investigate the
possible situation for the uniform deformation in a soil–water
coupled analysis. Consider a vertical extension/compression
test with constant strain rate on a perfectly rectangular speci-
men under undrained conditions between rigid and frictionless
pedestals at both the top and bottom ends. The Cartesian
coordinate system is applied into the inertia system, with the
reference coordinate in the horizontal and vertical directions,
X1 and X2, respectively, the current coordinate in the horizontal
and vertical directions, x1 and x2, respectively, and the uniform
deformation ﬁeld of the soil skeleton represented by the
following equation:
x1 ¼ X1
δtþ1 ; x2 ¼ ðδtþ1ÞX2 ð1Þ
where tZ0 represents time, δ is a loading rate parameter
indicating the rate of extension per unit time and per unit length
in the vertical direction, δ40 indicates extension deformation,
and δo0 indicates compression deformation. In this uniform
deformation ﬁeld, t is not simply a parameter for obtaining the
velocity and acceleration but also indicates the actual time. Also,
the domain over which time is deﬁned is 0r to1=δ when
δo0 and is 0r tr1 when δ40, and x1x2 ¼ X1X2 shows
that the specimen deforms element-wise in an undrained
(constant-volume or no volumetric change) manner.
When the x1 and x2 components of coordinate are derived
from the above equation, the following equations are obtained
for velocity and acceleration:
_x1 ¼ 
δ
ðδtþ1Þ2 X1; _x2 ¼ δX2 ð2Þ
€x1 ¼
2δ2
ðδtþ1Þ3 X1; €x2 ¼ 0 ð3Þ
where “  ” and “   ” above x1 and x2 indicate the ﬁrst and
second material time derivatives viewed from the soil skeleton,
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rate, it is important that acceleration is generated only in the
horizontal direction.
Next, as the equation of motion for the saturated soil
(mixture) designated in Appendix A possesses no objectivity,
an assumption that it is restricted into the inertia system is
made. Also, a case in which the gravity force is not taken into
consideration and the uniform deformation in the vertical and
horizontal directions maintains is assumed. Thus, the equation
of motion is given by the following equation:
ρ€x1 ¼
∂T1
∂x1
; ρ€x2 ¼
∂T2
∂x2
ð4Þ
where ρ is the density of the saturated soil mixture, and T1 and
T2 are the principal values of the Cauchy total stress tensor in
the x1 and x2 directions (tension: positive). Here, u is the pore
water pressure (compression: positive), T ′1 and T
′
2 are the
principal Cauchy effective stresses in the x1 and x2 directions
(tension: positive), and the effective stress principle, in other
words T1 ¼ T ′1u and T2 ¼ T ′2u, is applied. Then assuming
a uniform deformation ﬁeld for the soil skeleton, where the
effective stress does not vary spatially, the following equation
is obtained:
ρ€x1 ¼ ∂ðT
′
1uÞ
∂x1
¼  ∂u
∂x1
; ρ€x2 ¼ ∂ðT
′
2uÞ
∂x2
¼  ∂u
∂x2
ð5Þ
Stating in terms of d'Alembert's principle, this equation
points out that the inertia term of the soil skeleton and the
gradient in the pore water pressure are in equilibrium.
In addition, when this equation is applied to Eqs. (1)–(3), the
following equation is obtained:
2ρδ2
ðδtþ1Þ2 x1 ¼ 
∂u
∂x1
; 0 ¼  ∂u
∂x2
ð6Þ
When this equation is integrated with respect to space, then
for an arbitrary time tZ0, u is the following parabola with
maximum value at x1 ¼ 0:
u ¼ uðx1; tÞ ¼ 
ρδ2
ðδtþ1Þ2 x1
2þAðtÞ
¼ UðX1; tÞ ¼ 
ρδ2
ðδtþ1Þ4 X1
2þAðtÞ; ð7Þ
in which uðx1; tÞ and UðX1; tÞ are the Eulerian and Lagrangian
descriptions, respectively, of the pore water pressure u; AðtÞ is a
function of time t, which is determined by using effective stress
principle (Eq. (B.2)) and stress boundary condition, when the
principal value of effective stress in the x1 direction at time t, T ′1ðtÞ,
can be given by the constitutive equation under a uniform
deformation ﬁeld. Also, for example, if the vertical central axis
of the specimen is made to coincide with x1 ¼ 0, the width at time
t¼ 0 is 2B, and the height is 2H, assuming a constant cell pressure
c (compression positive), at time t ¼ 0 and x1 ¼ X1, and arbitrary
setting c¼ T ′1ð0ÞUðX1 ¼ B; 0Þ ¼ T ′1ðtÞUðX1 ¼ B; tÞ for a
plane strain specimen with a principal value of effective stress in
the x1 direction at time t ¼ 0 given by T ′1ð0Þ, then Að0Þ and AðtÞare given by the following speciﬁc equations:
Að0Þ ¼ cþT ′1ð0Þþρδ2B2 ð8:1Þ
AðtÞ ¼ Að0ÞþT ′1ðtÞT ′1ð0Þþ
1
ðδtþ1Þ4 1
 
ρδ2B2 ð8:2Þ
Eq. (8.1) presents the initial condition of the pore water
pressure within the specimen when integrating the equation of
motion assuming a uniform deformation ﬁeld, and Eq. (8.2) is
necessary for conﬁrming the pore water pressure distribution
obtained by numerical calculations.
Eq. (7) means that if the acceleration in the horizontal
direction is not sufﬁciently small, in other words, if the loading
rate is not inﬁnitely slow so that δﬃ0, a uniform pore water
pressure will not be maintained within the saturated soil. There
will be water migration within the soil specimen due to such a
pore water pressure gradient.
Next, when the loading rate is not inﬁnitely slow (δﬃ0) and
assuming that the gradient of the pore water pressure indicated
by Eq. (7) is produced, then the ﬂow velocity of the pore water
can be derived based on the u–p formulation (for example,
Noda et al., 2008, etc.) using Eq. (B.5) in Appendix B. This is,
in accordance with Darcy's Law, derived from the equation of
motion of pore water and the interaction force between the soil
skeleton and pore water, and is expressed by the following
equation:
v′1 ¼ 
k
γw
∂u
∂x1
þρf €x1
 
¼ k
γw
2ρδ2
ðδtþ1Þ2 x1
2ρf δ2
ðδtþ1Þ2 x1
 
¼ k
γw
2ðρρf Þδ2
ðδtþ1Þ2 x1 v
′
2 ¼ 0 ð9Þ
where v'1 and v'2 are the components of the ﬂow velocity of the
pore water with respect to soil skeleton, which correspond to the
components of Eq. (B.5), in the x1 and x2 directions, respec-
tively, and ρf is the real density of the pore water. The ﬁrst of
these equations shows that a relative velocity of the soil skeleton
to the pore water is determined due to the difference between
the inertia term acting on the pore water and the inertia term
acting on the mixture. Therefore, when there is a pore water
pressure ﬁeld as indicated by Eq. (7), normally, volumetric
change (compression) is developing in the soil skeleton with
time, and as long as the coefﬁcient of permeability, k, is not
zero, the “undrained condition” initially assumed in a uniform
ﬁeld is not satisﬁed. If pore water migration progresses (k40),
the uniform deformation ﬁeld shown in Eq. (1) is not strictly
realized. From the above, it can be understood that in addition to
δﬃ0, it is necessary that k ¼ 0 for uniform deformation. Both
these conditions are unlikely to be satisﬁed, therefore, under
ordinary conditions, when the inertia term acts on at least in
plane strain saturated rectangular specimens, uniform deforma-
tion cannot be realized.
When reproducing a uniform deformation ﬁeld by numerical
calculation for k¼ 0, the coefﬁcients of x21 in the ﬁrst term on
the right-hand side of Eq. (7) are negative, and if it is inﬁnitely
large, the pore water pressure becomes inﬁnite when carrying
out the numerical calculation which corresponds to the initial
3.5 cm
Impermeable
boundary8.0 cm
Rigid smooth 
pedestal
Constant 
velocity 
boundary
Traction boundary 
(cell pressure 294.3kPa)
Fig. 1. Finite element mesh and boundary conditions.
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when t-1=δ under compression deformation (δo0). In
addition, it should be noted that in the theoretical consideration
based on ﬁnite deformation analysis as mentioned above, the
realization of uniform deformation is independent of the
constitutive relationship and is only related to the loading rate
δ in Eq. (7) and the permeability coefﬁcient k in Eq. (9).
3. Realization of uniform deformation by numerical
calculation
In this calculation, if the inertia term is involved, even for a
perfectly rectangular specimen without material or geometrical
imperfections, with the top and bottom ends free in the
horizontal direction, the bottom end ﬁxed and a constant strain
rate applied at the top end in the vertical direction, the
specimen does not necessarily exhibit uniform deformation.
This is because waves propagate from the vertical top end as
loading starts, and the deformation progresses successively.
To numerically analyze the the uniform deformation
described in Section 2, where constant cell pressure and
undrained conditions are applied to a perfectly rectangular
specimen sandwiched between frictionless rigid pedestals on
the top and bottom ends, ﬁrst a calculation is carried out. Here,
the compression test, that is δo0, is adopted to correspond to
the previous strain localization analysis under plane strain
condition (Yatomi et al., 1989a, 1989b). In addition, as the
theoretical derivation in Eq. (1) in Section 2 implies, a uniform
deformation ﬁeld can also be applied in the expression test
(δ40) using the same method described in Section 3.1. The
ﬁnite element analysis used in this paper is based on the
updated Lagrangian method and applies an incremental con-
stitutive equation of the soil skeleton; that is, a rate-type
equation of motion that includes jerk, a material time
derivative of the acceleration, is used. In other words, when
the equation of motion is discretized using the ﬁnite element
method applying the weak form, third-order simultaneous
ordinary differential equations with respect to time are
obtained for the coordinate of the nodes (Noda et al., 2008).
Details can be seen in Appendix B. Therefore, to reproduce the
uniform ﬁeld under undrained (uncompressed) conditions as
given by Eq. (1), it is necessary to set the acceleration in
addition to the coordinate and velocity of the nodes in the
interior and on the boundary of the specimen.
3.1. Calculation conditions
Fig. 1 shows the ﬁnite element mesh and boundary
conditions for the specimen used in the calculation. The
calculation assumes two-dimensional (2D) plane strain condi-
tions and a rectangular saturated specimen with a width of
3.5 cm and a height of 8.0 cm in an isotropically consolidated
state. The mesh division of the specimen is 70 elements
horizontally and 160 elements vertically. The soil is assumed
to be a saturated and fully remolded, and then overconsoli-
dated clay. In the SYS Cam-clay model, which is the elasto-
plastic constitutive equation of the soil skeleton and candescribe the mechanical response of soils from clay to
intermediate soil until sand, the degree of structure of the soil
skeleton, Rn, is Rn ¼ 1:0, and it is assumed that there is no
effect from initial anisotropy or induced anisotropy (ζ0 ¼ 0,
br ¼ 0). The material is considered isotropically consolidated
to 1471.5 kPa and isotropically unloaded to 294.3 kPa with an
overconsolidation ratio of 5. Table 1 indicates the initial values
and the elasto-plastic parameters employed in the analysis.
In the analysis of this paper, the effect of gravity force is not
considered, and the x1 and x2 directions are referred to as the
horizontal and vertical directions, respectively. The boundary
conditions are assumed to be undrained conditions with the
constant cell pressure and frictionless top and bottom ends
under constant velocity control at the top. Note here that, in a
quasi-static analysis that ignores the inertia term from the
governing equation stage, if the lateral boundary condition in
which only stress is considered is applied, an inﬁnite number
of solutions for movement in the horizontal direction exist.
That is, there is no unique solution.
In the case of uniform deformation, in addition to the
coordinates of the nodes if the velocities and accelerations
calculated from Eqs. (2) and (3) are applied as the initial
condition at time t ¼ 0 without any modiﬁcation, vibrations
are seen in the very initial stage of deformation which will be
described in detail in Section 3.2; therefore, it is necessary to
apply values that are only slightly smaller than the theoretical
ones to the horizontal components of velocity and acceleration
based on the method described in Section 3.3. Also, for the
pore water pressure, initial values are set in the center of each
element so that Eq. (7) is satisﬁed. Taking the vertical central
axis of the specimen to be x1 ¼ 0, the initial distribution of
pore water pressure Að0Þ is derived from c¼294.3 kPa and
B¼1.75 cm in Eq. (8.1).
Table 1
Elasto-plastic parameters and initial values for the specimen.
Elasto-plastic parameters Initial conditions
Critical state index M 1.55 Speciﬁc volume v0 1.747
NCL intercept N 2.0 Stress ratio η0 0.0
Compression index ~λ 0.108 Degree of structure 1=Rn0 1.0
Swelling index ~κ 0.025 Degree of overconsolidation 1=R0 5.0
Poisson's ratio ν 0.3 Degree of anisotropy ς0 0.0
Evolution parameters Soil particle density ρs (g/cm
3) 2.65
Degradation index of OC m 0.2 Coefﬁcient of permeability k (cm/s) 3.7 108
0 1 2 [2×10–8]
50000
55000
60000
Time(sec)
A
cc
el
er
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l)
Without reduction
With reduction
Fig. 2. Acceleration at ﬁrst few steps with/without reduction in initial values,
k¼0.
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Three calculation cases were investigated numerically to
reproduce the uniform deformation determined by the theoretical
consideration. First, calculations were made using a permeability
coefﬁcient of k¼ 0 and a loading rate of 103 cm/s. Then the
permeability coefﬁcient of k¼ 3:7 108 was used together
with loading rates of 103 and 105 cm/s, respectively. From
theoretical considerations based on Eq. (9), if k ¼ 0, because the
migration of the pore water did not take place even when a spatial
gradient was generated in the pore water pressure within the
specimen, it was possible to completely satisfy the undrained
condition, which is necessary to realize a uniform deformation.
Fig. 2 shows a comparison of the calculation results for k ¼ 0
when the velocity and acceleration of each node were set to the
theoretical value obtained from Eqs. (2) and (3) as the initial
conditions and when the initial velocity and acceleration were
only slightly reduced, as indicated in Table 2. In Table 2, v0 and
_v0 are the horizontal components of the velocity and acceleration
on the side surfaces of the specimen, respectively. The reduced
values of velocity and acceleration are acquired using the constant
time step Δt at time t¼ 0 and thereafter obtained by trial and
error through substituting t¼ sΔt into the time integration
equation utilized in the analysis code. Here, s is an integer and
represents the number of time steps. Accordingly, the initial
values at t¼ 0 are estimated from the values at t¼ sΔt instead
of at t¼ Δt. Further details are provided in Section 3.3. From
Fig. 2, when the theoretical value is applied, the horizontal
component of acceleration virtually coincides with the theoretical
value after initially vibrating near t¼ 0. Although the ﬁgure has
been omitted, the pore water pressure also coincides with the
theoretical value after vibrating accordingly. In contrast, when the
reduced values are used, the acceleration obtained is at ﬁrst
slightly smaller than the theoretical value, and then completely
coincides with the theoretical value.
Next, the coefﬁcient of permeability was changed to
k¼ 3:7 108 cm/s, and the calculation results were described
for two cases at a constant vertical velocity: (a) 105 cm/s and (b)
103 cm/s. When the theoretical values for the horizontal compo-
nents of the velocity and acceleration at the initial time are input,
the solution oscillates in the same manner as in Fig. 2; therefore,
reduced values determined by trial and error as described above
were employed, as shown in Table 2, where it can be seen that
the adopted s for reduced values is actually the same as when
k¼ 0. The distribution of shear strain within the specimen isillustrated in Fig. 3. Here, the shear strain εs is represented using
the deformation gradient tensor F of the soil skeleton as
εs ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð2=3Þe0 Ue0
p
, e0 ¼ e1=3ðtr eÞI, e¼ 12f IðFFT Þ1
 g,
where I is the unit tensor. Fig. 4 indicates the change in pore
water pressure distribution associated with the deformation of the
specimen, Fig. 5 shows the apparent deviator stress–axial strain
(q–εa) relationship when the whole specimen is viewed as one
mass, the deviator stress–mean effective stress (q–p′) relationship
(i.e. the effective stress path), the pore water pressure–axial strain
(u–εa) relationship, and the speciﬁc volume–mean effective stress
(v–p′) relationship, and Fig. 6 illustrates the horizontal and
vertical components of the acceleration generated in the center
of the right-side surface. Here, q is the vertical load on the
specimen divided by the current cross-sectional area minus the
constant cell pressure, εa is the vertical displacement of the top
end divided by the initial height of the specimen, and u is the
mean value of the pore water pressure in the center of each
element located at the top end. In this averaging process, the
values are weighted in accordance with the length of the side on
the top of each element at the top end. Also, NCL and CSL in
Fig. 5 represent the normal consolidation and critical state lines,
respectively. The specimen exhibits a uniform shear strain for
both cases (a) and (b), but in case (a), the pore water pressure
generated is also in fact substantially uniform. In contrast, in case
(b), the distribution is convex, with a maximum value at x1 ¼ 0 in
the horizontal direction. The results in (b) show that the pore
water pressure within the specimen varies depending on where
the specimen is placed for the calculation when viewed from the
origin. In particular, if the specimen is placed along a straight line
Table 2
Reduced values in velocity and acceleration on the side surfaces of the specimen under different increments per step when v¼ 103 cm/s.
Increment per step (cm) Δt(s) s Reduced values Remarks
106 109 199; 400 v0 ¼ 437:4998 Loading rate: 103 cm/s; theoretical values,
v0 ¼ 437:5 cm/s, _v0 ¼ 109; 375 cm/s2_v0 ¼ 109; 368:82
105 108 36; 165 v0 ¼ 437:4984
_v0 ¼ 109; 340:76
104 107 6663 v0 ¼ 437:4846
_v0 ¼ 109; 188:72 Loading rate: 105 cm/s; theoretical values,
v0 ¼ 4:375 106 cm/s, _v0 ¼ 10:9375 106 cm/s2103 106 1265 v0 ¼ 437:348
_v0 ¼ 108; 375:48
102 105 255 v0 ¼ 436:0067
_v0 ¼ 104; 317:02
5%        10%         15%         20% 
5%         10%         15%         20%
Fig. 3. Deformation and distribution of shear strain within the specimen, (a)
105 cm/s and (b) 103 cm/s.
5%        10%         15%         20% 
5%         10%         15%         20%
Fig. 4. Difference in pore water pressure (kPa) distribution, (a) 105 cm/s and
(b) 103 cm/s.
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the left side surface of the specimen, and the initial conditions of
the velocities and accelerations are set in the same way, the pore
water pressure distribution obtained differs from that in Fig. 4, as
shown in Fig. 7. Also, the pore water pressure becomes higher as
the center is approached, and, as a result the apparent u is slightly
larger, but the apparent q–εa relationship does not differ
signiﬁcantly from the “perfect path”, which presents the response
calculated by the constitutive equation (SYS Cam-clay model)
under a uniform deformation ﬁeld. Only the horizontal compo-
nent of the acceleration on the side surface of the specimen when
rapidly loaded in (b) is increased gradually, and the acceleration
generated is virtually the same as that in Eq. (3). This is because
even in case (b), where a large pore water pressure gradient is
produced, a sufﬁciently small (positive) coefﬁcient of perme-
ability is employed and in fact no pore water migration was
generated. Also, an approximate element-wise undrained condi-
tion is maintained, meaning each ﬁnite element keeps undrained
and behaves as if the permeability were zero, which is theprecondition for a uniform deformation ﬁeld. As conﬁrmation,
Figs. 8 and 9 present the distribution of shear strain when δ40
with loading rate 103 cm/s and the horizontal component of
acceleration in the center of the right-side surface. It can be seen
that the deformation is also uniform as implied by Eq. (1), and
while oscillation was detected initially, it was not so signiﬁcant
compared with that in Fig. 2.3.3. Investigation into determination of initial velocities and
accelerations and their reduction
In this analysis method (Asaoka and Noda, 2007; Noda
et al., 2008), regarding time integration to obtain velocity,
acceleration, and coordinate, in accordance with Wilson's θ
method (Wilson et al., 1973), the jerk was assumed to be
changed in linear form, and τ was derived using the following
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Fig. 5. Apparent behavior of specimen for distributed loading, (a) 105 cm/s and (b) 103 cm/s.
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Fig. 7. Distribution of shear strain and pore water pressure at εa ¼ 20% when
x1 ¼ 0 locates at the left side surface.
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Fig. 8. Deformation and distribution of shear strain within the specimen when
extension.
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€vjtþ τ €vjt ¼
τ
θΔt
ð€vjtþ θΔt €vjtÞ ð10Þ
where €vjt is the jerk at the node at time t¼ t, and Δt represents
the increment of the time step used in the calculation. In the
calculations in this paper, θ¼ 1:4 is used.
To realize the uniform deformation mentioned in Section 3.2,
the equations used for reducing the velocities and accelerations
at time t¼ 0 were obtained by assuming θ¼ 1 in the relevant
equations obtained from (10) and replacing Δt with sΔt afterassuming t ¼ Δt, which led to the following equations:
vj0 ¼
4
sΔt
ðxj0xj sΔtÞ3vj sΔt _vj sΔtðsΔtÞ
1
6
€vj sΔtðsΔtÞ2
ð11Þ
_vj0 ¼
12
ðsΔtÞ2 ðxj0xj sΔtÞ
12
sΔt
vj sΔt5_vj sΔt €vj sΔtðsΔtÞ
ð12Þ
in which x, v, _v and €v represent the horizontal components
of displacement, velocity, acceleration and jerk, respectively.
In other words, in order to obtain the solutions without initial
vibration, an appropriate value of s should be applied by trial
and error in Eqs. (11) and (12). In addition, the coordinates,
xj sΔt, velocities, vj sΔt, accelerations, _vj sΔt, and jerk €vj sΔt,
determined at the virtual time t ¼ sΔt from Eqs. (2) and (3)
and the time derivative of Eq. (3), and the coordinate xj0
determined at time t¼ 0 from Eq. (1) are employed simulta-
neously to derive the initial velocities vj0 and accelerations _vj0,
at time t¼ 0.
It is important to understand the reason why the reduction in
initial values is necessary. According to the time integration
equations shown in Eqs. (11) and (12), the coordinates, xj sΔt,
velocities, vj sΔt, accelerations, _vj sΔt, and jerk €vj sΔt are the
entire derivatives of coordinates that the analysis code can deal
with. However, if we look into the coordinate xj0 at time t ¼ 0,
according to Taylor’ expansion it can be unfolded at t ¼ sΔt
with time derivatives that are higher than the third order as
xj0 ¼ xj sΔtþ sΔt ¼ xj sΔtþ _xj sΔtðsΔtÞ
þ12 €xj sΔtðsΔtÞ2þ16x
j sΔtðsΔtÞ3
þ 124x
j sΔtðsΔtÞ4þo ðsΔtÞ5
	 
 ð13Þ
in which _xj sΔt, €xj sΔt, xj sΔt and xj sΔt correspond to the
velocity vj sΔt, acceleration _vj sΔt, jerk €vj sΔt and the time
derivative of jerk, respectively, and all the derivatives are
positive if the loading is compression, and note that xj sΔt
should be constant according to the linear jerk assumption in
Eq. (10). However, if s¼ 1 in Eqs. (11) and (12) are directly
used to predict the initial values without any reduction, i.e. xj0
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Fig. 9. Computational acceleration on the right-side surface when extension.
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Fig. 11. Deformation and distribution of shear strain within the specimen
(velocity¼105 cm/s case).
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analysis code, the estimated initial velocities and accelerations are
higher than the required values. In addition, if the loading is
extension, the time derivatives in Eq. (13) are alternately positive
and negative, making it difﬁcult to ﬁnd an appropriate s to
eliminate the initial oscillation in Fig. 9. Therefore, an appropriate
s needs to be adopted to realize the slight reduction in the initial
velocities and accelerations in the compression test as shown in
Table 2. Although the appropriate s in Table 2 is determined
when the loading velocity is 103 cm/s, it is also found that as long
as the incremental displacement per step is same, the same s can
be utilized for other loading velocities, e.g. s¼6663 when
v¼ 105 cm/s and Δt ¼ 10 s. In addition, a linear relationship
was found to exist between the increment per step and appro-
priate s in log–log coordinates, as shown in Fig. 10 and other s
can be predicted according to the increment per step.
4. Dependence of loading patterns and loading velocities,
and propagation of accelerations within the specimen
The velocity, acceleration and pore water pressure applied in
advance within the specimen as the initial conditions so that auniform deformation ﬁeld could be realized in Section 3 differ
from the actual conditions of a laboratory test. Therefore, in
this section, the initial conditions only are changed, and the
calculations are carried out under the condition where the
initial distribution of velocity, acceleration and pore water
pressure within the specimen are uniformly zero. Here, the
results are shown for the cases in which the vertical velocities
applied from the top end are (a) 105 cm/s and (b) 103 cm/s,
with the vertical ﬁxed bottom end.
Fig. 11 shows the progress in deformation and shear strain
distribution in the specimen for case (a) 105 cm/s, and
Fig. 12 shows the apparent behavior in this case. If the loading
is extremely slow, the specimen is virtually uniform until εa
exceeds approximately 10%. However, thereafter, while lateral
symmetry is maintained, an asymmetrical mode occurs verti-
cally. This can be attributed to the deformation transmitted
sequentially from the top to the bottom end due to the inertia
term, accompanying asymmetrical pore water migration and
bifurcation mode in the lateral direction (Asaoka and Noda,
1995) which occurs even though the deformation of the
specimen is almost uniform at the initial stage. Note also that
due to the free constraint condition in the horizontal direction
at top and bottom ends, the occurrence of two symmetric shear
bands near the top end within the specimen is around
εa¼15%, which is much later than that in the ﬁxed horizontal
constraint condition. The following strain localization mode at
around εa¼20%, where the localized deformation initiates at
the symmetric point of top and bottom ends, seems to differ
signiﬁcantly from that in the ﬁxed horizontal constraint
condition. As can be seen from the apparent behavior in
Fig. 12, when the axial strain exceeds about 16%, it deviates
from the “perfect path”.
Fig. 13 indicates the progress in shear strain distribution
associated with the deformation of the specimen for case (b),
103 cm/s, in which the loading rate is very fast. From the initial
stage of loading, the vertical symmetry breaks down. Shear
strain is initially concentrated at the top end and thereafter
extends to the bottom end. However, as is shown in Fig. 14,
this deviation of the apparent path from the “perfect path” is
associated with almost no migration of pore water, which is
different from the bifurcation mode in the migration of the
pore water as seen in case (a).
Fig. 14 shows the apparent relationship q–εa of the speci-
men. Here, to describe this relationship, in addition to the case
where the equivalent nodal forces obtained from the top end
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Fig. 12. Apparent behavior of the specimen (velocity¼105 cm/s case).
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Fig. 13. Deformation and distribution of shear strain within the specimen
(velocity¼103 cm/s case).
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case where the reaction forces measured at the bottom end are
used is also presented for comparison. From this ﬁgure, when
the equivalent nodal forces from the top end are used for case
(b), where the loading rate is extremely fast, the initial q
exhibits a very large value. On the other hand, when the
equivalent nodal forces from the bottom end are used, the
faster the loading is, the smaller the value of q is. This is a
major difference compared with the case where loading is
sufﬁciently slow (case (a)), which exhibits a q–εa relationship
that is virtually the same as the “perfect path” and is referred to
as the loading rate effect.
As one might expect, the reason that the vertical reaction
forces of the top end and the bottom end are different lies in
the signiﬁcant acceleration inside the specimen. Fig. 15(1)
shows the progress in pore water pressure distribution gener-
ated within the specimen in case (b). As the vertical displace-
ment progresses, the part with a high pore water pressure
behaves as a “lump” transmitted from the top end to the
bottom end. From this ﬁgure, it can be seen that the large q
obtained when the equivalent nodal forces of the top end are
used as described above i can be explained by the generation
of the large pore water pressure at the top. Also, after q
increases and decreases greatly in the initial stage, it gradually
becomes small with accompanying oscillation. This is because
after the pore water pressure near the top end becomes
instantaneously large upon initial loading, the lump of high
pore water pressure then immediately moves towards the
bottom end, and small ﬂuctuations are repeated at the topend. On the other hand, the small q obtained utilizing the
equivalent nodal forces of the bottom end can be attributed to
the loading associated with the compression of the top end,
1% 2% 3% 4% 5%
8% 10% 12% 16% 20%
1% 2% 3% 4% 5%
8% 10% 12% 16% 20%
Fig. 15. (1) Propagation of pore water pressure (kPa) (velocity¼103 cm/s case). (2) Propagation of the magnitude of x2-acceleration (Gal) (velocity¼103 cm/s case).
T. Noda et al. / Soils and Foundations 53 (2013) 937–950 947and rests with non-transmission to the bottom end. Fig. 15(2)
presents the development of the generated vertical acceleration
component within the specimen. It can be seen that the part
with the large gradient in pore water pressure in Fig. 15(1)
corresponds to the part where the large acceleration is
generated generally. This correspondence cannot be rigorously
derived because the effective stress is not uniformly distributed
along the vertical direction, but can be generally understood
from Eq. (5), which is obtained by assuming uniform effective
stress. In other words, Eq. (5) indicates that the inertia term is
generally in equilibrium with the gradient of pore water
pressure if the effective stress is uniformly distributed, or at
least the inertia term partly corresponds to the gradient of pore
water pressure when the effective stress is not uniformly
distributed. Also, this type of wave propagation is observed
in the initial loading stage for εa up to about 5%, and therefore,
it can be assumed that it is produced by the application of a
sudden vertical displacement from outside to the quasi-static
state resulting in a compression wave (shock wave).Next, the calculation results are described for the case where
the velocity is applied from the top and bottom ends with half
rates (a) 0.5 105 cm/s and (b) 0.5 103 cm/s employed at
the top loading case, hereafter noted as top–bottom loading.
Fig. 16(1 and 2) depicts the progress in the shear strain
distribution for two velocities under top-bottom loading. In
such a case, the specimen exhibits symmetrical deformation,
not only laterally but also vertically, even though the loading
velocity is substantially the same as the case where the bottom
end is ﬁxed and vertical displacement is applied to the top end
if the position of the bottom end is taken as the reference,
which differs greatly from those in Figs. 11 and 13. In this
way, completely different calculation results are obtained
depending on the loading patterns, for which the same solution
would be acquired with a quasi-static analysis that ignores the
inertia term. The ﬁgure has not been shown, but when vertical
displacement is applied to the bottom with a ﬁxed top end, the
deformation obtained is vertically symmetrical to those in
Figs. 11 and 13.
5%         10%          15%         20% 
5%         10%         15%         20% 
Fig. 16. (1) Shear strain distribution of the specimen under top–bottom
loading, 0.5 105 cm/s. (2) Shear strain distribution of the specimen under
top-bottom loading, 0.5 103 cm/s.
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In this paper, ﬁrst a theoretical discussion of the uniform
deformation ﬁeld of saturated soil under element-wise undrained
conditions with zero coefﬁcient of permeability was presented
from the viewpoint of the u–p formulation for a soil–water
coupled ﬁnite deformation analysis with the inertia term taken
into consideration. When the inertia term could not be ignored,
it was not possible to produce a uniform deformation ﬁeld that
satisﬁed the element-wise undrained condition, except when the
coefﬁcient of permeability was zero or there was “inﬁnitely slow
loading” with regard to non-zero permeability required to
prevent pore water migration. At the same time, it was shown
that even when the deformation was uniform, the pore water
pressure exhibited a convex upwards parabolic distribution from
the origin of inertia system towards the outside.
Next, by employing a soil–water coupled analysis code
which took the inertia term into consideration, a ﬁnite element
analysis was carried out on perfectly plane strain rectangular
specimens with neither material nor geometrical imperfection
under undrained conditions with constant cell pressure on the
boundaries for several loading conditions and initial conditions
with vertical compression displacement. Here, analyses were
carried out without taking the gravity force into consideration
and with no horizontal constraints so that the specimen could
move freely in the horizontal direction. The specimen was
assumed to be sufﬁciently remolded saturated overconsolidated
clay. The main new conclusions are as follows:1. Velocity, acceleration and pore water pressure obtained from a
theoretical consideration of a uniform deformation ﬁeld were
distributed and applied as the initial conditions on the
boundary and interior of the rectangular specimen. It was
shown that the specimen deformed as a uniform rectangle
regardless of loading rate when the coefﬁcient of permeability
was small enough that the migration of the pore waterdisappeared. However, when the velocity and acceleration,
which are determined by the theoretical derivation, were
applied to the specimen as initial conditions, signiﬁcant
vibration appeared in the computational solutions, whereas
this did not occur with theoretical solutions. In order to
remove the instantaneous vibration, initially reduced velocities
and accelerations were investigated by trial and error and then
applied to the ﬁnite element nodes. Consequently, it was
found that there was good correspondence between those
computational and theoretical solutions. This was because all
the derivatives with respect to the time of coordinate from the
ﬁrst order onwards were positive values in the case of
compression deformation (δo0), but in the analysis code, it
was impossible to handle the derivatives of the coordinate with
respect to time above the third order. As a result, it was found
necessary to reduce the velocities and accelerations very
slightly to remove inﬂuence of the derivatives that were
higher than the third order.2. In comparison to the case where the initial velocity, acceleration
and pore water pressure within the specimen were distributed
the initial conditions were then modiﬁed to be zero. In such a
case, the uniform deformation of the specimen was not
maintained, and it was shown that the deformation patterns of
the specimen varied in accordance with differences in the
loading rate and loading application, which is irrelevant in a
quasi-static analysis. Also, in the case of rapid velocity loading,
the gradient in the pore water pressure moved with wave
propagation in the form of a “compression wave.” Furthermore,
the loading rate effect was found in the apparent deviator stress–
axial strain relationship and signiﬁcant differences were dis-
played between the cases when the results were plotted
employing reaction forces at top and bottom ends, respectively,
which was caused by the generation and propagation of
signiﬁcant pore water pressure inside the specimen.
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Appendix A. Equation of motion for the saturated soil
In this analysis method (Asaoka and Noda, 2007; Noda
et al., 2008), an updated Lagrangian analysis was carried out,
and the calculation of the material time derivative of the
equation of motion for the mixture in the u–p formulation as
expressed by the density of the mixture ρ, the acceleration of
the soil skeleton _v, the (total) Cauchy stress tensor T, and the
body force per unit mass b was carried out using the following
equation:
ρ_v ¼ div Tþρb ðA:1Þ
In this case, the rate-type equation of motion included a jerk
term. As a result, if the weak form and ﬁnite element discretiza-
tion was applied, third-order ordinary differential equations were
T. Noda et al. / Soils and Foundations 53 (2013) 937–950 949obtained with respect to the coordinate. However, when obtaining
the reactions of loading for the specimen, an equation in which
the weak form and ﬁnite element discretization were directly
applied to Eq. (A.1) was used. Here b¼ 0, since the gravity force
was neglected.
Appendix B. A dynamic soil–water coupled analysis based
on up formulation and rate-type equation of motion
including jerk term
In the analysis code, which is called GEOASIA, the two-phase
mixture theory is employed based on up formulation for the
saturated soils, which assumes that the relative acceleration of
the pore water with respect to the soil skeleton is sufﬁciently
smaller than the acceleration of the soil skeleton. In addition, a
ﬁnite deformation analysis was carried out based on updated
Lagrangian, which allows changes in the geometric shape of the
soil under analysis to be taken into account. The soil particles
were assumed to be incompressible, and for the sake of
simplicity, pore water was also assumed to be incompressible.
Rate-type equation of motion for saturated soils based on up
formulation
Since the constitutive equation for a soil skeleton is a rate-
type equation and updated Lagrangian scheme is adopted, the
following rate-type equation of motion for the saturated soils
can be obtained:
ρ€vsþρf ðtr DÞð_vsbÞ ¼ div _St; _St ¼ _Tþðtr DÞTTLT
ðB:1Þ
in which “・” and “・・” represent the ﬁrst and second-order
material time derivatives with respect to the soil skeleton; €vs is the
second derivative of velocity of soil skeleton that is called jerk
term and the subscript “s” means the variables of soil skeleton; ρ
is the density of the saturated soil and ρ¼ ð1nÞρsþnρf with n,
ρs, ρf be the porosity, the real density of soil particle and pore
water respectively; _vs is the acceleration of soil skeleton; b is a
constant vector denoting the body force vector per unit mass; _St
is the nominal stress rate of the soil skeleton (Yatomi et al.,
1989); L, D and T are the velocity gradient tensor, stretching
tensor of soil skeleton and Cauchy (total) stress, respectively, and
the superscript “T” means transpose.
Effective stress and pore pressure
T ¼ T′uI ðB:2Þ
where T′ is the Cauchy effective stress (tension: positive), u is
the pore water pressure (compression: positive), and I is the
identity tensor.
Linear rate-type constitutive equation of soil skeleton
For the constitutive equation, the SYS Cam-clay model
(Asaoka et al., 2002) was applied to the soil skeleton and thefollowing linear relationship between T′
3
and D was obtained:
T′
3
¼ L½D; T′
3
¼ T′
3
þT′ΩΩT′ Ω¼ _RRT ðB:3Þ
where T′
3
is the Cauchy effective stress rate tensor with
objectivity. In the calculation, the Green–Naghdi's (Green
and Naghdi, 1965) Cauchy effective stress rate tensor was
used. Ω and R are the material spin tensor and rotational tensor
of the soil skeleton, respectively.
Continuity equation for saturated soil (geometric constraints
between pore water and soil skeleton)
div vsþdivfnðvf vsÞg ¼ 0 ðB:4Þ
Here, nðvf vsÞ denotes the average ﬂow velocity of the pore
water. The continuity equation acts as the geometric constraint
for the soil skeleton and pore water in saturated soil, namely
the volume change rate of the soil skeleton in saturated soil
will be the amount of discharge of pore water from and into the
saturated soil per unit time.
Average ﬂow velocity equation for pore water (Darcy's law
considering the inertia term)
According to the interaction force between the soil skeleton
and the pore water (Nishimura, 1999), the average ﬂow
velocity of the pore water was obtained as follows:
nðvf vsÞ ¼ 
k
γw
ðgrad uρf bÞ ρ
f k
γw
_vs ðB:5Þ
in which k is the permeability coefﬁcient; γw ¼ ρf g is the
weight per unit volume of water and g is the gravity
acceleration (that is, the Euclidian norm of the body force
vector b in Eq. (B.1)); u and _vs are the pore water pressure and
acceleration of soil skeleton, respectively. Here _vsc _vf  _vs is
used. Note that the acceleration was included in the average
ﬂow velocity equation and in the case of quasi-static problems,
this term disappears and Eq. (B.5) becomes the well-known
Darcy's Law.
Compatibility condition
L¼ ∂vs
∂x
ðB:6Þ
in which vs and x are the velocity of soil skeleton and current
position vector of the material point X of the soil skeleton,
respectively.
Boundary conditions
The types of boundary conditions for saturated soil are the
traction (rate) boundary conditions related to stresses and stress
rates, the geometrical boundary conditions related to displacement,
velocity or acceleration, and the hydraulic boundary conditions
T. Noda et al. / Soils and Foundations 53 (2013) 937–950950related to the total head of water and the discharge volume of pore
water. These can be written as follows:
Γ ¼ Γ vþΓ t ¼ ΓqþΓh ðB:7Þ
where Γ v is the geometrical boundary of the saturated soil, Γ t is
the traction (rate) boundary, Γq is the discharge boundary of the
pore water and Γh (or Γu) is the boundary related to the total head
(or pore water pressure).
Since the traction vector t is given by t¼ cn (c is a constant
and n is the outward normal vector of the boundary), and the
rate-type boundary condition for Γ t becomes
_st da¼ ðt daÞd ¼ cðn daÞd ¼ cfðtrDÞILTgn da on Γ t ðB:8Þ
With respect to the hydraulic boundary conditions, the
discharge q per unit area
q¼ nðvf vsÞUn¼ 0 on Γq ðB:9Þ
is given for an undrained boundary. Note that the average ﬂow
velocity nðvf vsÞ as shown in Eq. (B.5) includes the accel-
eration. Therefore, it is necessary to take the acceleration into
consideration for the undrained boundary condition. For a
drained boundary
h¼ h on Γh or u¼ u on Γu ðB:10Þ
is presented, where h or u denotes the prescribed total water
head on Γh or prescribed pore pressure on Γu.
Weak form of the rate-type equation of motion for application
of FEM
The weak form of Eq. (B.1) is expressed as follows:Z
v
δvs Uρ€vs dvþ
Z
v
fT′
3
UδDþðtr DÞT UδLTLT UδLg dv
þ
Z
v
δvs Uρf ðtr DÞð_vsbÞ dv
Z
v
_uðtr δDÞ dv
¼
Z
a
δvs U _st da
Z
v
δDUðΩΤ′Τ′ΩÞ dv ðB:11Þ
in which δvs is the virtual velocity of the soil skeleton which
satisﬁes the necessary boundary conditions, while δL and δD
are the consequent virtual velocity gradient and virtual
stretching, respectively. The ﬁrst integrand part on the left
side of Eq. (B.11) yields the globe mass matrix M of the soil
skeleton, and the second, and third parts yield the global
stiffness matrix K of the soil skeleton in the ﬁnite element
discretization. The coupling equations, Eqs. (B.4) and (B.5) are
discretized based on the extended physical model by Christian
(1990) and Akai and Tamura (1978). Details of the ﬁnitediscretization can be seen in Noda et al. (2008). Also here
b¼ 0.
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